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For simplicity we assume that the system is represented by a regular cubic bed of
spheres of equal diameter (Fig. 1). The strains of this regular system of spheres have such
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FIG. 1.

features, that at every moment of time the relative displacements of the centers of these
spheres are perpendicular to the lines connecting the centers. Naturally, the position of the
lines connecting these centers is changed during the deformation of the bed of spheres.

In case the continuum description is introduced, it will be necessary to characterize the
macropoint with the directors, coinciding with the lines of sphere centers, that is one has to
analyze the continuum type, considered earlier by Ericksen and Truesdell [I}.

In the plane case there are two directors ~r and ~f, the angle between them being equal to
tIt. If the displacement velocity is Ui, then the above kinematical condition of the absence of
relative displacements along the directors will have a form

(2.1)

Decomposing the tensor of displacement gradient Gu;/i3xj into antisymmetrical and
symmetrical £'ij parts, we transform the conditions (2.1) to the following

I: £.ij~r~j = 0, I: £.ij~f~' = O. (2.2)
i,j i.j

Further, the conditions (2.2) are equivalent to

A = 2 cos tIt. (2.3)

We use here such a coordinate system 1,2 that the bisectrix ofcoordinate angle coincides
with the bisectrix of the angle t/t (see Fig. 1).

According to the equation (2.3) the volume strain rate £. = £.11 + £.22 is connected with the
shear rate £'12' that is we encounter the phenomenon ofdilatancy, described by Reynolds [2]
in 1895. One may interpret the quantity A as the rate of dilatancy. If t/t = re12, shear failure
along the directors without volume changes is possible. If t/t = rel3 the compression (and
associated shear) is prohibited-~the medium becomes a rigid one.
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The changes of the angle l/J, associated with the relative position ofthe directors ~f, ~r, are
defined by the condition d~f = {Ui(Xi + ~f, t) -u;(xj, t)} dt, that may be transformed to the
following

1 dl/J 2 . .1.1dt = e12 SIn 0/. (2.4)

We underline the fact that dilatancy is a kinematical restriction.
In considered continuum there is a restriction for stresses. On the plane cross-sections

with the directors as a normal, for instance ~f, the shear stress,~ and the normal stress (J~ are
related to each other by Coulomb rule ,~() = k(J~, where () = sgn ,~, k is the friction co
efficient. This condition has a form

O"dsgn 0"12) sin l/J = k(O" +0"12 cos l/J) «(}k ctg l/J #- 1) (2.5)

where 0" = 0"11 = 0"22 according to the symmetry in elated coordinate system. The limita
tion (2.5) in a general case (when l/J #- n12) is distinct from the usual Coulomb law for
continuous media.

3. ELASTIC MEDIA WITH LOCAL SOLID FRICTION

If particles (grains) have different sizes and form an irregular bed, then one can imagine
such a situation that the strains of the materials are determined by the small elasticity of
grains, and there is slippage with solid friction among some particles. One can try to describe
such a case with the help ofa continuum, at every macropoint of which there are at least two
types of motions, and to interpret the relative motion as a "slip".

The total stresses Pk/ = O"kl + 'k/ are decomposed into two parts: O"kl and 'kl' The elastic
stresses O"k/ are connected with mean strains eij according to the elastic law (with modulus K
and G). The plastic stresses 'kl also cause elastic strains e0' unequal, however, to mean
strains. In the last case the elastic moduli are K*, G* (K, G ~ K*, G*). The differences
eij = eij - e0 form the plastic strains. The rates of plastic strains are unequal to zero and
connected with stresses through the following isotropic rule

if the limit condition holds

.J(J~)+Ct.Jl = O.

(K = 1,2) (3.1)

(3.2)

Here J 1 is the first, J~ the second (deviatoric) invariant of the stress tensor. The function A,
defined as positive, is considered as an additional unknown quantity.

From the constitutive relations (3.1) and the limit condition it follows that volume and
shear strains take place simultaneously:

11 = A.J(I~) (3.3)

where 11 is the first invariant of the strain rate tensor, I~ the second invariant of the strain
rate deviator tensor. Therefore quantity A may be interpreted as dilatancy rate.
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The mathematical model is completed by the equation of linear momentum. In the case
of small perturbations it has the following form

(3.4)

Here Ui is the mean velocity of particle displacements. Let us compare the suggested model
and the elastic material with microstructure, considered by Mindlin [3]. It is seen, that
excluding asymmetrical features of the Mindlin model, the difference is the following one.
According to Mindlin micromotions are determined by the equation of linear momentum;
that is the special motion of micromaterial is connected with its inertial properties. The
model considered here is associated to the case of local static equilibrium, when the inertial
forces are negligible compared with solid friction forces acting on the micromaterial.

The set of equations (3.lH3.4) was used for approximate analysis of the seismic wave
propagation in soils and rocks [4J, the following consideration being realized. The usual
limit condition (3.2) is valid only in case of the compressive normal stress: sgn J I < O. In
case of periodic motion the sign of normal stresses may be changed. However in granular
media during the dilate strain there are local slips with solid friction, although generally
speaking, on other contacts between grains then during compression. For the purpose of
checking this effect we shall determine the coefficient rJ. in the form: 1:1. = - rJ.o sgn J I ,

where 1:1.0 has only positive defined values.
One may note that just the dilatant relation (3.3) introduces the variable normal plastic

stresses in shear waves. Approximate evaluation on the basis of the simple method of
harmonic linearization, which was used generally for dynamical analysis of systems with
solid friction, shows the following results [4]. If the role of solid friction is small then the
wave of fixed frequency propagates without dispersion (as in usual elastic media), and the
attenuation coefficient associated with transmitted distance, is proportional to the fre
quency. Such a behavior of waves corresponds to the familiar features of seismic waves in
dry soils and rocks.

4. ASYMMETRICAL EFFECTS IN TURBULENT FLOWS

For the averaged description of turbulent flows let us assume the usual continuum
demand of possible choosing of such an elementary volume ~V, whose dimensions are
much larger than the internal scale of microstructure (represented by the turbulent eddies),
but much smaller than the characteristic lengths of the flow considered. We assume that
microflows are described by the Navier-Stokes equations. Then for the establishment of
Reynolds macroequations it is necessary to integrate the balance equations of mass, linear
momentum and moment of momentum over the volume. We demand that the balance
equation for the moment of momentum for microflows has to be the consequence of the
balance equation of linear momentum (the tensors, included in Navier-Stokes equations,
are symmetric). That is the moment of momentum equation has to coincide with the
"vorticity equation" for a viscous fluid. From this requirement it follows the definition of
the inertial moment of fluid differential volume and the possibility to interpret the diffusive
transfer of vorticity as a couple-stress in usual viscous fluid.

The procedure of integration leads to solely choosing of the laws of averaging for the
quantities included in microequations. Thus, averaged density and averaged linear momen
tum are introduced as averaged quantities over the volume. The mean velocity V; is equal to
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the averaged linear momentum divided by the averaged density and therefore also is the
quantity averaged over the volume. In the same way we introduce the averaged angular
velocity of turbulent eddies, distinct in general case from angular velocity of mean transla
tion motion. In nonisotropic turbulence the existence of statistical orientation of turbulent
eddies introduces the additional averaged moment of momentum.

The averaging procedure of flows of linear momentum and of moment of momentum,
stresses, denoted by the symbol <. ..)j, is fulfilled over the plane cross-sections ofelementary
macrovolume. For nonisotropic turbulence the results of such a procedure depend on the
orientation of the plane compared with the characteristic vector of anisotropic turbulent
structure. Therefore, generally speaking, Reynolds stress tensor Zij, that is the averaged
pulsating transfer of linear momentum, may be asymmetric. For nonisotropic turbulence
the couple-stresses J1.ij' connected with pulsating transfer of micromoment of momentum
equal to Iik<l>k' are also essential. Here I ik is the moment of inertia and <l>k is the angular
velocity of microparticles.

The set of averaged equations for flows of turbulent incompressible fluid has the
following form:

(4.1)

0V; a oTij oZij
P-;-+ P-;- V;l'} = -;-+-;- (4.2)

ut uXj uXj uXj

0[1
0

. (O+ii5)] V a [10 (0 -)] _ OJ1.ij (4.3)
~ + j -;- . +W i - z[ij]+-;-.
ut uXj uXj

Here 0 = i rot V, 1;j are averaged viscous stresses, zij = - (pviv j) - Reynolds stresses,
z[ij] their antisymmetric part, J1.ij = -(Iik<l>kVi)j, vj-pulsating velocity, I?k-moment of
inertia, ar-effective angular velocity of pulsating rotations of the microparticles. The
equation for the moment of inertia 1° of the considered fluid element can be written as

(4.4)

(4.5)

As is usual in semiempirical theories, the set of equations (4.1H4.4) is supplemented by
the constitutive relations

Z.. -Z["'] = A ..kl(Ov,,+ OJll)
IJ IJ IJ OXI OXk'

(
OV Ov.)

1;j = - p(jij+ vp ax; + o~ , Z[ij] = DijklEklmWm

Here p is the pressure, v the kinematic viscosity, Ek1m the Levi-Civita axial tensor. The
transfer coefficients A ijkl , Bijkl , D ijkl , depend on the microstructure of the turbulent fluid.
For their evaluation it is necessary to introduce the hypotheses of mixing kinetics in
turbulent flow. It is useful to note that the Prandtl's idea [6] of impulse transfer and Taylor's
idea [7] of vorticity transfer are complementary to each other in the case of account of
asymmetrical effects.

In this text we omit the possibility of asymmetric averaged viscous tensor Tij and of the
effects of nonhomogeneous fields of pulsating impulse and viscous microstresses [14].
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5. ASYMMETRIC HYDRODYNAMICS OF DILUTE SUSPENSIONS

The movement of a fluid particle can be decomposed into three elementary parts:
translation, rotation and deformation. The suspended solid particle (of spherical form, for
simplicity) has, however, its own translational and angular velocities (that is connected with
distinct inertia of the suspended particle) and besides perturbs the deformation process of
the surrounding fluid. The third effect was considered by Einstein [8]. It is accounted by the
introduction of effective viscosity l1e = 11(1 +2·5(1- m)), see also [15].

To accounting for the difference between translating and rotationary motions of solid
and fluid particles it is necessary to consider the balance equations of mass, linear momen
tum and moment of momentum separately for solid and fluid phases.

The mass balance equations for the phases have the forms:

o(1-m)p2 +o(1-m)p2vj2) = 0
at OXj

(5.1 )

Here m is the saturation ofelementary volume with the fluid; superscript (1) denotes the
fluid phase and superscript (2) the solid one.

The linear momentum equations for phases can be written as

(5.2)

(5.3)

Here p is a mean pressure in the fluid, !ijis the symmetrical part ofviscous stresses, ufj the
antisymmetrical one. We underline that the introduction of this asymmetrical part is con
nected with perturbations in stress-field in viscous fluid due to own rotations of suspended
particles. The force of interaction between the phases R i = a(vp)-v!2»-bEkiJ{V~1)-v~2»)

x (Wk -Up» can be evaluated by assuming the microstationary character of interaction of
suspended particles with surrounding fluid. The first term is associated with Stokes resist
ance, the second one with the lift force. Here fi<l) = ! rot v(1) is the mean angular velocity of
fluid element, W is the angular velocity of own rotation of the sphere.

From the equation for moment of momentum of the suspension and the analogous
equation for moment of momentum of translational motion it is possible to find the field
equation for the internal moment of momentum which is reduced to the following one,

(5.4)

Here (1-m)p2Lk = N P2]Wk, P2] = (-f!s-)nr 5P2 is the moment of inertia of sphere with
radius r, N = (1- m)(~r3)-1 is the number ofsuspended particles per unit volume. Further,
we shall consider only plane flows.

The equation for internal moment of momentum of solid particles has the form:

(5.5)
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In the considered case the constitutive relation for the antisymmetrical part of the
viscous stress tensor reduces to

(5.6)

(5.7)

as it follows from equations (5.4) and (5.5). In a more general approach as is usual in asym
metrical hydrodynamics [9-11] it is necessary to introduce the couple-stresses. By the way
in the paper [12] the couple-stresses were related to diffusion transfer ofrotationary particles
through the fluid. However, we prefer to describe the relative translation of phases by
the separate equations of linear momentum.

Ifwe linearize the set of equations (5.1H5.5) and introduce the potentials of motion [13],
then it will be possible to write the equation for shear waves

TwTa 022(Ol/J _Jle+~V2l/J) +Tw~(Ol/J _Jle+bV2l/J)
ot ot mOPl ot ot Po

+ Ta ~(Ol/J _ Jle 0 V2 l/J) + (Ol/J _ Jle V2 l/J) = o.
at at mOPl at Po

Here l/J is the potential of shear motion, Ta = (~)(r2/Jl)(p~p~/Po) the time of translational
relaxation, Tw = (n)(r2

/ Jl)p~ the time of angular relaxation, Po = mop~ + (1 - mo)p~ is the
effective mean density for equilibrium flows. The analysis of the operators in the equation
(5.7) leads to an evaluation of the flows with different characteristic times. Essentially, in
"frozen" flow (the limit deviation from Einstein's case due to inertial forces) the suspension
behaves as a viscous fluid, but with the effective density equal to the mass of fluid phases per
unit volume mop~ and with effective viscosity equal to Jle +b, where b = ~Jl(1 - m).

The effect of rotation is essential for the suspension of solid particles in gas media. The
relaxation times Ta and Tw has of the same order O(r2

) when the radius of the particles r
approaches zero.
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A6cTpaKT-TIpHBe,lJ,eHbI '1eTblpe rrpHMepa CrrJlOUIHbIX cpe,lJ" ,lJ,Jlll onllcaHHlI rrOBe,lJ,eHHlI KOTOpbIX Heo6xo

,lJ,IIMO rrpH6eraTb K aHaJIH3y HX MHKpocTpyKTypbl. PaccMoTpeHbI oc06eHHocTH )l.ecPoPMal\IIH H Harrpll)KeHHH

opHeHTHpoBaHHoro KOHTHHyyMa, MO,lJ,eJIHpylOUiero rrOBe,lJ,eHlle peryJIlIpHolt yrraKoBcKH )KeCTKHX ccjJep, Ha

KOHTaKTax Me)K,lJ,y KOTOpbIMH ,lJ,eltcTByeT cyxoe TpeHHe. XapaKTepHbIlt ,lJ,JIlI TaKolt Cpe,lJ,bl KIIHeMaTH'IecKHlt

3cjJcjJeKT ,lJ,IIJIaTaHCHH BBO,lJ,IITCli ,lJ,aJIee B MO,lJ,eJIb yrrpyrolt Cpe,lJ,bI C JIOKaJIbHbIMII rrpOllBJIeHHlIMH cyxoro

TpeHlIlI. PaccMoTpeHHe nepexo,lJ,a OT MIIKpoypaBHeHHlt HaBbe-CTOKCa K MaKpoypaBHeHHlIM PeHHOJIb,lJ,Ca

B cJIy'lae aCHMMeTpll'lHOrO Typ6YJIeHTHOro rrOTOKa )KH,lJ,KOCTH nOKa3blBaeT, 'ITO TeH30p peHHOJIb,lJ,CTOBbIX

Harrpll)KeHHH, Boo6Il\e rOBopll, HecIIMMeTpll'leH, H ,lJ,OJI)KHO 6bITb BbIBe,lJ,eHO ypaBHeHHe 6aJIaHCa MOMeHTa

KOJIII'IecTBa ,lJ,BH)KeHHlI. MO,lJ,eJIb ,lJ,ByX B3aHMorrpOHHKalOIl\IIX KOHTHHyyMOB ()KH,lJ,KOH H TBep,lJ,olt cjJa3)

,lJ,JIlI pa36aBJIeHHbIX cycneH3Hlt TBep,lJ,bIX '1aCTIIl\ o606Il\aeT aHaJIH3 3ltHUITeHHa ,lJ,JIlI naMIIHapHblx 6e311He

Pl\HOHHbIX rrOTOKOB Ha cnY'lalt HHepl\HOHHOH penaKcal\HH H3-3a pa3JlH'IHlI rrocTyrraTenbHblx H BpaIl\aTe

nbHblX ,lJ,BH)KeHlIlt cjJa3.


